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Curvatura de Forman-Ricci de Torneos
Resumen: los torneos son un tipo de grafo dirigido que se han usado para estudiar la geometría 
de las variedades bandera clásicas. Nos interesamos en este tipo de grafos porque las propiedades 
combinatorias de los torneos se pueden utilizar para estudiar las propiedades geométricas de las 
variedades bandera. Leal et al. (2018), Introdujeron la curvatura de Forman-Ricci para hipergrafos 
dirigidos y no dirigidos y obtuvieron la curvatura para grafos como un caso particular. En este tra-
bajo presentamos las ideas básicas acerca de la curvatura de Forman-Ricci para grafos dirigidos, 
caracterizamos los torneos parabólicos en términos de la curvatura de Forman-Ricci y calculamos la 
curvatura de Forman-Ricci para cualquier torneo.

Palabras clave: torneos; curvatura de Forman-Ricci; torneos parabólicos

Curvatura de Forman-Ricci de Torneios
Resumo: os torneios são um tipo de grafo dirigido que tem sido usados para estudar a geometria 
das variedades bandeira clássicas. Ficamos interessados neste tipo de grafos porque as proprieda-
des combinatórias dos torneios podem ser usadas para estudar as propriedades geométricas das 
variedades bandeira. Leal et al. (2018), Introduziram a curvatura de Forman-Ricci para hipergrafos 
dirigidos e não dirigidos obtendo a curvatura para grafos como um caso particular. Neste trabalho 
apresentamos as ideias básicas sob a curvatura de Forman-Ricci para grafos dirigidos, caracteriza-
mos os torneios parabólicos em termos da curvatura de Forman-Ricci e calculamos a curvatura de 
Forman-Ricci de qualquer torneio.

Palavras-chave: torneios; curvatura de Forman-Ricci; torneios parabólicos
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Introduction
Tournaments are directed graphs which have been 
used for different geometrical applications; in a 
tournament (see Moon [1]), each pair of vertices is 
connected for exactly one and only one oriented 
arc. Burstall and Salamon [2] were the first ma-
thematicians who used tournaments to study the 
geometry of flag manifolds; they discovered the 
relationship between quasi-complex structures 
on classic flag manifolds and tournaments. With 
this idea they classified all quasi-complex struc-
tures admitting Kähler metrics over classical flag 
manifolds. 

Later, in 2000, Mo and Negreiros [3] applied 
tournament properties to study (1,2)-symplectic 
structures on classical flag manifolds and to pro-
duce new examples of harmonic maps. From this 
work arose several works applying similar ideas, 
among them Cohen, Negreiros and San Martin 
[4], [5]; Cohen, Paredes and Pinzón [6]; Paredes [7], 
[8], [9]; Paredes, Gonzalez and McKay [10]; Pare-
des and Pinzón [11], [12], [13] and [14].

Additionally, during the last decade there has 
been much research activity on  different types of 
curvatures for graphs or hypergraphs or networ-
ks which have been used in biology, finance, new 
science, among others. For example, in 2011, Lin, 
Lu and Yau [15] modified the definition of Ricci 
curvature of Markov chains given by Olivier [16] 
and introduced the concept of Ricci curvature for 
graphs. They studied properties of the Ricci curva-
ture of graphs in general, of the Cartesian product 
of graphs, and of stochastic graphs. In [17], Lin, 
Lu and Yau studied Ricci-flat graphs, where Ricci 
curvature vanishes in all its arcs. In [18], Lin and 
Yau gave some estimates for the Ricci curvature 
and obtained an estimate for the eigenvalue of the 
Laplace operator on finite graphs.

Recently, Yamada [19] studied the Ricci curva-
ture of a directed graph, analyzed some properties 
of the Ricci curvature and found some conditions 
for a regular directed graph to be flat. Further-
more, he calculated the Ricci curvature of the 
Cartesian product of directed graphs. Following 
Yamada’s paper, Paredes [20] discussed the Ricci 
curvature for tournaments, analyzing the case of 

parabolic tournaments which Paredes and Pinzón 
[13] used to study geometric structures on the clas-
sic flag manifolds.

Around the same time, Leal, Restrepo, Stadler 
and Jost [21] introduced a definition of the For-
man-Ricci curvature for directed and undirec-
ted hypergraphs where the curvature for graphs 
is a particular case. This definition of curvature 
was inspired by Riemannian geometry and em-
phasized the relational character of vertices in a 
network through the analysis of arcs rather than 
vertices. The concept of curvature may seem so-
mewhat strange in this context, but there are many 
recent works that demonstrate the benefits of using 
this concept, with several interesting applications. 
Among these works are [21], [22], [23], [24] and 
[25].

In differential geometry it has been found that 
curvature accounts for local and global characte-
ristics of differentiable manifolds endowed with a 
Riemannian metric. Such characteristics genera-
lly do not depend on an underlying differentiable 
structure, and this has led to abstract theories of 
generalized curvatures in metric spaces. In the 
case of graphs, these generalized curvatures are 
relatively easy to define and evaluate and can shed 
light on other quantities that have been introdu-
ced into network analysis without such a clear 
conceptual background as these curvatures (see 
[22]). The simplest of these generalized curvatu-
res is the Ricci curvature introduced by Forman 
for simplicial complexes in [26]. In this work we 
present the definition and some properties of the 
Forman-Ricci curvature for directed graphs, cal-
culate this curvature for parabolic tournaments 
and obtain a formula for the curvature of any 
n-tournament.

Preliminaries
A graph is a pair G = (V, E), where V is a set of 
vertices or nodes and 𝐸 is a set of edges which join 
pair of vertices. A graph is said to be simple if each 
edge connects two different vertices and no two 
edges connect the same pair of vertices, that is, it 
does not have multiple edges between its vertices. 
Fig. 1 shows a simple graph.



104
M. Paredes

Facultad de Ciencias Básicas  ■  Vol. 17(2)

Fig. 1. Simple graph

If the edges also have an orientation, we say 
that the graph is a directed graph or digraph (see 
Figure 2), in this case edges are called directed ed-
ges or arcs. An arc between two vertices u1 and u2 
will be denoted as the pair (u1, u2) and clearly in 
this case arcs are ordered pairs. In this article we 
mainly work with tournaments which are a special 
type of directed graph.

Definition 1. A tournament or n-tournament is 
a digraph with n vertices or players without loops 
such that for each pair of vertices x ≠ y there is a 
unique oriented edge x → y or y → x. If 𝑥→𝑦, then we 
say 𝑥 wins against 𝑦, see Moon [1].

Fig. 2. Directed graph

As pointed out above, we can also represent a 
tournament as a pair τ = (V, E), where V is the set 
of vertices and E is the set of arcs.

Definition 2. Let τ1 and τ2 be tournaments with 
vertices {1, …, n} and {1, …, m}, respectively. A ho-
momorphism between τ1 and τ2 is a mapping 

	 ϕ: {1, …, n} ⟶ {1, …, m}

such that
1 ⟹ � ( ) 2 ( ) ( ) = ( )�	

When ϕ is bijective we say that τ1 and τ2 are iso-
morphic, see [1].

Each tournament determines an n-tuple (s1, …, 
sn), whose components represent the number of 
games won by each player. This n-tuple is called 
score vector; we can order its components in such 
a way that 0 ≤ s1 ≤ ⋯ ≤sn ≤ n and it is easy to see 
that ∑ = �2�. .

Tournaments can be classified by isomorphis-
ms; Figure 3 shows the isomorphism classes of 
n-tournaments for n = 2, 3, 4, together with their 
score vectors.

Fig. 3. isomorphism classes of n-tournaments for n = 
2,3,4, and corresponding score vectors

Clearly isomorphic tournaments have the same 
score vector, but it is not true that tournaments 
with the same score vector are isomorphic; for 
example the three 5-tournaments in Figure 4 have 
the same score vector (1,2,2,2,3) but they are not 
isomorphic.

Fig. 4. 5-tournaments with the same score vector 

A tournament is transitive if for any three ver-
tices x, y, z such that x → y and y → z we have x → z. 
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All transitive n-tournaments are isomorphic and 
their score vector is (0, 1, 2, …, n-1).

Definition 3. A tournament τ is parabolic if gi-
ven two vertices i and j, with j < i, we have (see [7])

� ,        if is odd

,         if is even
	 (1)

These tournaments received this name because 
they are related with the parabolic almost complex 
structures on flag manifolds, see [13]. A complete 
proof of the following result can be found in [13]. 

Theorem 1. If is a parabolic n-tournament then 
its score vector has the form 

(n − k, …, n - k), if n = 2 k - 1	 (2)

(n − ( k + 1), …,n − (k + 1), n − k, …, n−k), if n = 2k 
	 (3)

Figure 5 contains the parabolic tournaments 
for 3, 4, 5 and 6 vertices, respectively. 

In case n = 2k, the converse of the implication 
is false because, for example, when n = 6 there exist 
non-parabolic tournaments with the same score 
vector. 

When n = 2k − 1, our theorem is an equivalence 
because in this case there is only one isomorphism 
class whose score vector has all the same compo-
nents (n − k, …, n − k). This is because the sum of 
the components in the score vector must be  

1 + 2 + ⋯+ 1 =
( 1)

2
=

(2 2)
2

= ( 1) = ( )

1 + 2 + ⋯+ 1 =
( 1)

2
=

(2 2)
2

= ( 1) = ( )

	

Therefore, we have obtained the following 
result:

Proposition 1. For n = 2k − 1, k = 2, 3, 4, …, 

2

 
is a parabolic n-tournament if and only if its score 
vector has the form (n − k, …, n − k).

Fig. 5. Parabolic n-tournaments for n = 3,4,5,6

Definition 4. For each vertex of a digraph  

2

 = (V, E) we define the out-neighbor of 𝑥 as the  
subtournament (see [20])

Γout (x) = {y ∈ V: (x, y) ∈ E}	 (4)

Similarly, we define the in-neighbor of x as the 
subtournament (see [20])

Γin (x) = {z ∈ V: (z, x) ∈ E}	 (5)

The out-degree of x, denoted by , is the num-
ber of outgoing arcs from x, that is, = |Γ ( )|.  
We say that  is d-regular if each vertex has the 
same out-degree. Because of Proposition 1, para-
bolic n-tournaments are d-regulars for n odd (see 
[20]).

Similarly, the in-degree of x, denoted by ,  
is the number of incoming arcs on x, that is, 

= �Γ ( )�.

Other type of tournaments which have been 
used to study the geometry of flag manifolds are 
locally transitive tournaments. A tournament  = 
(V, E) is called locally transitive if the subtourna-
ments Γout (x) and Γin (x) are transitive, see [6], [27], 
and [28].
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Forman-Ricci curvature for 
directed graphs
Following Leal, Restrepo, Stadler & Jost [21], in this 
section we present the main ideas of Forman-Ric-
ci curvature for directed graphs and discuss For-
man-Ricci curvature of tournaments. 

Definition 5. Given a directed graph we consi-
der an arc e = (ui, uj) ∈ E, where ui, uj ∈ V. For this 
arc we define (see [21]) 

in-flow at ui:  ( ) = 1 	 (6)

out-flow at uj: 

( ) = 1

( ) = 1 	 (7)

The curvature for the flow through the arc e = 
(ui, uj) is given by

( ) = ( ) + ( ) = 2 	 (8)

Definition 6. If we consider the loss flow along 
the arc e = (ui, uj) two additional curvatures that 
account for the flow loss may be calculated (see 
[21])

Flow loss at ui:  ( ) = 1 	 (9)

Flow loss at uj: 

( ) = 1

( ) = 1 	 (10)

Therefore, the curvature for the flow-loss along 
the arc e = (ui, uj) is given by

( ) = ( ) + ( ) = 2 	 (12)

Finally, the curvature for the total flow over e = 
(ui, uj) is defined as

( ) = ( ) + ( )	 (13)

Example 1. Consider Figure 6

Fig. 6. Graph for Example 1

We have 

= 1,           = 1,          = 2,           = 2,          = 1          and  = 2

Hence, for the arc e = (u, v) we obtain

( ) = 1 = 0            and  ( ) = 1 = −1,

then F (→ e →) = F (→ e) + F (e →) =−1. 
Furthermore,) = ( ) + ( ) =

( ) = 1 = −1            and  ( ) = 1 = 0,

then F (← e ←) = F (← e) + F (e ←) = −1. In con-
clusion the curvature for the total flow over the arc 
e = (u, v) is

F (e) = F (→ e →) + F (← e ←) = −2

Forman-Ricci curvature of 
tournaments
Now let us see what happens with the Forman-Ric-
ci curvature in the case of tournaments. First, we 
must observe that isomorphic tournaments have 
equal curvature, which means that the curvature 
for each arc will be the same.

Let 1 and 2 be two isomorphic tournaments 
with vertices {v1, v2, …, vn } and {w1, w2, …, wn}, res-
pectively, and ϕ the corresponding isomorphism. 
Let’s consider e = (vi, vj) an arc in 1 then because 
of ϕ is an isomorphism we have that ϕ (e) = �ϕ (vi ),  
ϕ (vj )� = (wi, wj) is an arc in 2, where ϕ (vi) = wi 
and ϕ (vj) = wj.

Moreover, =  and = , for all i 
= 1, 2, …, n, because for example if  and =

>  then there must exist a vertex vk such that 
vk → vi but ϕ(vk) ↛ ϕ(vi), which is not possible be-
cause ϕ is an isomorphism. Similarly, we can do 
this for the out-degree of each vertex. Thus, we 
have proved the following:

Proposition 2. If 1, 2 are isomorphic tourna-
ments, e = (vi, vj) is an arc in 1 and ϕ(e) = �ϕ(vi), 
ϕ(vj)� is the arc image in 2, then F(e) = F�ϕ(e)�.

If we calculate the curvature for 2-tournaments, 
that is, the tournament in the following figure,

Fig. 7. 2-tournament
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we see that

( ) = 1 = 1        and ( ) = 1 = 1           
then ( ) = 2.

Similarly,

( ) = 1 = 0        and ( ) = 1 = 0          
then ( ) = 0.

Hence, F(e) = 2. 

Now, we calculate the curvature for the 3-tour-
nament in Figure 8

Fig. 8. Parabolic 3-tournament

In this case the calculation is very simple be-
cause = 1 and = 1, for i = 1,2,3.. Therefore,

F ( → ei →) = 0  and  F ( ← ei ←) = 0  then  F (ei ) = 0,  
for i = 1,2,3.

Let us consider the other 3-tournament corres-
ponding to the transitive class, see Figure 9. For 
arc e1 = (v1, v2) we have 

←) = 0         ( )

1 = 0, 2 = 1, 1 = 2 and 
2 = 1, then

( 1) = 1 1 = 1       and 1 = 0, 2 = 1, 1 = 2 2 = 1

( 1 →) = 1 2 = 0      ⟹ ( 1 →) = 1.( 1) = 1 1 = 1      

( 1) = 1 1 = −1       and ( 1 →) = 1 2 = 0      ⟹ ( 1 →) = 1.

( 1 ←) = 1 2 = 0      ⟹ ( 1 ←) = −1

Fig. 9. Transitive 3-tournament

Hence, F (e1) = 0. For arc e2 = (v2, v3) we have 
2 = 1, 3 = 2, 2 = 1 and 03 = , then 

( 2) = 1 2 = 0       and 

2 = 1, 3

( 2 →) = 1 3 = 1       

= 2, = 1 =

= 1      ⟹ ( 2 →) = 1.( 2) = 1 2 = 0      

( 2) = 1 2 = 0      and 

( 2 →) = 1 3 = 1      

( 2 ←) = 1 3 = −1       
= 1      ⟹ ( 2 →) = 1.

1      ⟹ ( 1 ←) = −1.

Therefore, F(e2) = 0. Finally, for arc e3 = (v1, v3) 
we have 

1      ⟹ ( 1 ←) = −1.

1 = 0, 3 = 2, 1 =2 and 3 = 0, then3 = 0

( 3) = 1 1 = 1       and ( 3 →) = 1 3 = 1       
= 1      ⟹ ( 3 →) = 2.( 3) = 1 1 = 1      

( 3) = 1 1 = −1     and 

( 3 →) = 1 3 = 1      

( 3 ←) = 1 3 = −1       
= 1      ⟹ ( 3 →) = 2.

1      ⟹ ( 3 ←) = −2.

As with the other arcs, for e3 we also have F(e3) 
= 0. In other words, all the arcs of a 3-tournament 
have Forman-Ricci curvature zero; a graph with 
this property is a flat graph. We will see later that 
3-tournaments are the only flat tournaments.

Forman-Ricci curvature of 
parabolic tournaments
In the last section we see that the Forman-Ricci 
curvature of the parabolic 3-tournament (Figure 
9) is 0. Let us see what happens with the parabo-
lic 4-tournament included in Figure 10. It is easy 
to see that 1 = 1, 1 = 2, 2 = 2, 2 = 1, 3 = 
1, 3 = 2, 4 = 2, 4 = 1. . We now calculate the 
curvature for each arc.
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Arc e1 = (v1, v2):
( 1) = 1 1 = 0       ( 1 →) = 1 2 = 0       

= 0      ⟹ ( 1 →) = 0( 1) = 1 1 = 0      

( 1) = 1 1 = −1     

( 1 →) = 1 2 = 0      

( 1 ←) = 1 2 = −1       
= 0      ⟹ ( 1 →) = 0

1      ⟹ ( 1 ←) = −2

⟹ ( 1) = ( 1 ←) + ( 1 ←) = −2.

Fig. 10. Parabolic 4-tournament

Arc e2 = (v2, v3):

( 2) = 1 2 = −1     and ( 2 →) = 1 3 = −1       
1      ⟹ ( 2 →) = −2( 2) = 1 2 = −1    

( 2) = 1 2 = 0       and 

( 2 →) = 1 3 = −1      

( 2 ←) = 1 3 = 0       
1      ⟹ ( 2 →) = −2

= 0      ⟹ ( 1 ←) = 02 = 0      ( 2 ←) = 1 3 = 0      ⟹

⟹ ( 2) = ( 2 ←) + ( 2 ←) = −2.

Arc e3 = (v3, v4):

( 3) = 1 3 = 0       and ( 3 →) = 1 4 = 0       
= 0      ⟹ ( 3 →) = 0( 3) = 1 3 = 0      

( 3) = 1 3 = −1     and 
( 3 →) = 1 4 = 0      

( 3 ←) = 1 4 = −1       

= 0      ⟹ ( 3 →) = 0

1      ⟹ ( 3 ←) = −2  3 = −1    ( 3 ←) = 1 4 = −1      ⟹

⟹ ( 3) = ( 3 ←) + ( 3 ←) = −2.

Similarly, we can see that F(e4) = F(e5) = F(e6) = 
−2. Then we can say that the Forman-Ricci curva-
ture of the 4-parabolic tournament is −2.

Remember that Theorem 1 tell us that for a pa-
rabolic n-tournament, if n = 2k −1 then its score 
vector is (n − k, …, n − k) and if n = 2k then its 
score vector is (n − (k + 1), …, n − (k + 1), n − k, 
…, n − k). Note that for n = 3, the curvature is 0 = 

8 − 4k, with k = 2; and for n = 4, the curvature is −2 
= 6 − 4k, with k = 2. We can prove these formulas 
for all n-tournament.

Theorem 2. If 𝒯 is a parabolic 𝑛-tournament 
then its Forman-Ricci curvature is
a.	 8 − 4k, if n = 2k − 1,  for k = 2,3,4, …

b.	 6 − 4k, if n = 2k,  for k = 1,2,3,…

Proof. Let v1, …, vn be the vertices of the tour-
nament .
a.	 If n=2k-1 the score vector of  is (n − k, …, n − k) 

then

= ,    = ,     
,    = ,    = , for = 2,3,4 …

So, for any arc e = (vi, vj) we have

( ) = 1 = 1 − ( ) 

and

( ) = 1 = 1 − ( ). .

Then,

F(→ e →) = F(→ e) + F( e →) = 2 − 2(n − k) = 2 − 2(2k 
− 1 − k) = 4 − 2k.

Similarly, we see that

( ) = 1 = 1 − ( ) and

( ) = 1 = 1 − ( ).  and( ) = 1 = 1 − ( ) (

( ) = ( ) + ( ) = 4 − 2 ..

Therefore, 

= 1 = 1 − (

( ) = 8 − 4 . .

b.	 If n=2k 𝒯 is a parabolic 𝑛-tournament then 
its Forman-Ricci curvature is (𝑛−(𝑘+1),…,𝑛−
(𝑘+1),𝑛−𝑘,…,𝑛−𝑘). So, for any arc e = (vi, vj) we 
have two possibilities

= ( + 1),  = ,   

,  = ,  = ( + 1),    

or

= ,  = ( + 1),  
= = ( + 1)

,  = ( + 1),  = , 
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for k = 1,2,3… In the first case we get

F(→ e →) = 4 − 2k  and  F(← e ←) = 2 − 2k   
⟹  F(e) = 6 − 4k,

and in the second case we get

F(→ e →) = 2 − 2k  and  F(← e ←) = 4 − 2k   
⟹  F(e) = 6 − 4k.

Fig. 11. Arc of an -tournament

Forman-Ricci curvature of 
any tournament
In the two previous sections we calculated the 
Forman-Ricci curvature for 2-tournaments and 
3-tournaments; from these calculations we obser-
ve that the sum of the in-degrees plus the out-de-
grees of the vertices of an arc is a constant.

For example, in the case of the 2-tournament in 
Figure 7 we have

+ + + = 0 + 1 + 1 + 0 = 2

Similarly, for the parabolic 3-tournament (Fi-
gure 8), 

= 0 + 1 + 1 + 0 = 2

= 1 y = 1, for = 1,2,3 and 

= 0 + 1 + 1 + 0 = 2

= 1 y = 1, for = 1,2,3, for i = 1,2,3.. Then, 
for any arc e = (vi, vj) we have

= 1 = 1

+ + + = 1 + 1 + 1 + 1 = 4

In the case of the transitive 3-tournament (Fi-
gure 9) we have three possibilities

	◾ Arc : 1 = ( 1, 2): 1 + 2 + 1 + 2 = 0 + 1 + 2 + 1 = 4.
	◾ Arc : 

1 = ( 1, 2) 1 + 2 + 1 + 2 = 0 + 1 + 2 + 1 = 4

2 = ( 2, 3): 2 + 3 + 2 + 3 = 1 + 2 + 1 + 0 = 4.
	◾ Arc : 

= ( , ) + + + = 1 + 2 + 1 + 0 = 4

3 = ( 1, 3): 3 + 1 + 3 + 1 = 2 + 0 + 0 + 2 = 4.

Also, it is easy to see that for 4-tournaments 
like the one in Figure 10 for each arc e = (vi, vj) it 
is true that

+ + + = 2 + 0 + 0 + 2 = 4

+ + + = 6.

Therefore, for each arc e = (vi, vj) of any 
n-tournament, 

+ = 1             and + = 1,

as is shown in Figure 11. This is because given 
two vertices 𝑣𝑖 and 𝑣𝑗 in an 𝑛-tournament there 
exits only one arc from 𝑣𝑖 to 𝑣𝑗 or vice versa. For 
that reason, the sum of arcs going in and out a ver-
tex is a constant and equal to n − 1 (the number of 
won games plus the number of lost games is equal 
to n − 1).

Theorem 3. If  is an n-tournament, then its 
Forman-Ricci curvature for any arc e = (vi, vj) is

F (e) = 6 − 2n	 (14)

Proof. Directly calculating the curvature of the 
arc e = (vi, vj) we have

F (e) = F(→ e →) + F(← e ←)

( ) = �2 � + �2 �( ) = �2 � + �2 �

( ) = 4 + + �

F(e) = 4 − (n − 1) − (n − 1)

F(e) = 6 − 2n.

It is interesting that the Forman-Ricci curva-
ture of tournaments gives very simple values and 
most of them are negative, as seen in the following 
table

Table 1. Forman-Ricci curvature of n-tournaments

Number of vertices n Forman-Ricci curvature

n = 2 F(e) = 2

n = 3 F(e) = 0

n = 4 F(e) = –2

n = 5 F(e) = –4

n = 6 F(e) = –6

⋮ ⋮

n F(e) = 6 –2n
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As we mentioned before, we see that the only 
flat tournaments for the Forman-Ricci curvature 
are the 3-tournaments.

Final remarks
This work suggests new ideas for novel research, 
for example the possibility of using graph curva-
ture concepts to explore and obtain new geometric 
properties of flag manifolds.

There are different curvatures for graphs, but 
we do not know which best relates to the geometry 
of the flag manifolds. Possibilities include the Ric-
ci curvature for directed graphs introduced by Ya-
mada [19], the Ollivier’s Ricci curvature [16] used 
to study and analyze complex networks, and the 
different curvature concepts proposed by Jost and 
collaborators [22], [23], [24] and [29].

Recently, some works on energy of directed 
graphs have been published, see for example [30], 
[31] and [32]. These works use the out-degree  and 
the in-degree . We intend to study these works to 
relate the results obtained here with the concept 
of energy of digraphs studied in the mentioned 
works.

There are several applications for those curva-
ture concepts mentioned above. For example, Fa-
rooh et al. [33] studied the structural networks of 
the brain using a geometric approach based on the 
Ollivier-Ricci curvature. This approach also has 
been used to assess the robustness of the financial 
market and to differentiate the biological networ-
ks of cancer cells from healthy ones. They applied 
curvature-based measurements to the brain’s 
structural networks to identify robust and fragile 
brain regions in healthy subjects, demonstrating 
that curvature can also be used to track age-re-
lated changes in brain connectivity and Autism 
Spectrum Disorder (ASD). The results obtained are 
in accordance with previous magnetic resonance 
imaging (MRI) studies.

Pouryahya, Mathews, and Tannenbaum [34] 
use three different types of curvature to study 
biological networks (Olivier-Ricci curvature, 
Bakry-Émery Ricci curvature, and Forman-Ricci 
curvature). While the exact relationship between 
these three definitions of curvature is not yet 

known, the authors report that all  three curvatu-
res produced similar results for the studied biolo-
gical networks. For instance, they studied cancer 
networks generated by TCGA (The Cancer Genome 
Atlas) data and classified and compared the major 
genes in breast carcinoma with respect to the three 
notions of curvature. Genes are classified based 
on the difference in curvature between cancer and 
normal networks (without cancer). In fact, these 
are the nodes that are expected to have the greatest 
contribution to the robustness of the cancer ne-
twork compared to the normal network. The seven 
cancer networks studied showed higher average 
curvature than normal complementary networks 
for all three types of curvature.
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